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ABSTRACT: A new computational scheme, based on the Brownian dynamics and Monte Carlo techniques,
was used to calculate the dynamic structure factor of supercoiled SV40 DNA (5243 base pairs) in 0.1 M
sodium chloride solution. All model parameters are known independently, and none are fitted. The results
are in good agreement with earlier dynamic light scattering measurements. The calculated dynamic
structure factor, as a function of time, could be very well approximated by a simple analytical formula.
The analysis of the experimental data based on this formula allows one to obtain the distribution function
for relaxation times of intramolecular motions, if additional information about the DNA structure is
available from Monte Carlo simulations. The range of relaxation times for supercoiled SV40 DNA comprises
approximately 2 orders of magnitude, with the upper boundary exceeding 1 ms.

Introduction

Dynamic light scattering (DLS) studies of DNA solu-
tions provide valuable information about DNA structure
and dynamics. However, the extraction of this informa-
tion from experimental data is an ill-posed problem
allowing a variety of solutions, only one of which
corresponds to physical reality. Therefore, it is impor-
tant to have a DNA model that enables one to calculate
the scattering properties of the molecule. The experi-
mental measurements can then be used as a criterion
for the adequacy of such a model.

The primary objective of the present study is to verify
that the Brownian dynamics (BD) method correctly
predicts the dynamic structure factor of supercoiled
DNA. In the BD model, the DNA molecule is ap-
proximated as a chain of beads diffusing in a viscous
medium (water) under the influence of a certain inter-
bead interaction potential.! The technique of BD simu-
lation is widely used to analyze various DNA proper-
ties?™7 including those available from DLS measure-
ments.8~10 Recently, a number of computer programs
have been developed in which the particular properties
of supercoiled DNA are taken into account.!'~1> The
main problem here, however, is that the relaxation
times of internal motions in supercoiled DNA are quite
large (up to the several milliseconds!®), and the simu-
lated times, restricted by the available computer capaci-
ties, cannot significantly exceed this value. This leads
to difficulties in collecting good statistics. The first
attempt to calculate the dynamic structure factor of
supercoiled DNA by BD simulations was done by
Hammermann et al.,’® who used additional assumptions
based on the analytical theory of Berg!” and Soda.'® This
theory, however, was developed for circular but not
supercoiled DNA, and its applicability in this case is
disputable.

In the present study, we have developed a new
computational scheme involving a combination of Brown-
ian dynamics and Monte Carlo (MC) methods. No
additional assumptions, other than those intrinsic to the
BD model, were made. Following this scheme, we were
able to calculate the dynamic structure factor for a
sufficiently large initial time interval allowing a reason-
able further extrapolation. The parameters used cor-
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respond to naturally supercoiled SV40 DNA (5243 bp)
in dilute solution at a NaCl concentration of 0.1 M. All
model parameters are known independently, and none
are fitted. The simulated dynamic structure factor is in
good agreement with earlier DLS measurements. The
experimental data were then analyzed based on the new
information provided by the simulations. In particular,
a distribution function of relaxation times of internal
motions could be obtained.

Preliminary Theoretical Considerations

Consider a DNA molecule in a dilute solution. Let the
molecule axis be represented parametrically as r = r(s,
t), where t is the time and s is a dimensionless length
parameter varying from 0 to 1. The vertically polarized
monochromatic light scattered by such a molecule in the
horizontal direction is given by the electric field

E(g, t) = f(')l ds e'ared 1)

where q is the scattering vector (we use here arbitrary
units and omit the frequency-dependent phase factor).
The dynamic structure factor is defined as

S(q, t) = E(q, 0)E*(q, )0 ()

where the asterisk indicates the complex conjugate and
the averaging is performed over the set of initial
conformations. The dynamic structure factor normalized
tolatt=0,

_S(a. 1)
S(q, 0)

is of particular interest. The experimentally observed
quantity is the intensity of light I(q, t) scattered by a
small volume of the DNA solution. The intensity auto-
correlation function normalized to 1 at t = « can be
shown to be related to g@(q, t) as follows:19

g™, 1) (3)

(g, 0)I(q, )T

_ @ 2
q, 03 1+a[g(a, 9] (4)

9%, 1) =
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where a is some equipment-dependent constant, which,
in the ideal case, is equal to 1.
Let us rewrite eq 1 in the form

E(q, t) = ""OF(q, 1) (5)

where r(t) is the center of mass of the molecule and
F(a,t) = [ dse'ReD 6)

with R(s, t) = r(s, t) — r(t) representing the molecule
axis in the local coordinate system attached to the center
of mass. We assume that the diffusion of the center of
mass is only weakly correlated to the internal motion,
that is,

S(g, t) = @iQ(rc(O)_rc(t»F(q, 0)F*(q, t)~

[0 OE(q, 0)F*(q, )0 (7)

This assumption is tested and verified later in this work
(see Results and Discussion).

The exponential function in eq 7 can be substituted
by its average over all possible angles between the
vectors g and (r¢(0) — rc(t)):

@O r = 1, [ GO i (cog )=
-1

in(q|re(0) — r (V) o sin(qr)
E QIr(0) = )] AT ar

where g = |q| and

Px, 1) = B(x — [r(0) —

r(t)Hu 9)

is the distribution function of the net distance traveled
by the center of mass in the time interval t.

The internal motion factor in eq 7, which we denote
as Q(qg, t), can be treated in the same way:

Qa, 1) =

(g, 0F*(q, )= [, PR2(R, t)Sm(qR)

drR (10)

Pr(x, t) =
Of:"ds, f; ds,0(x — [R(s,, 0) —

where PrR@(R, t) is the dynamic site-to-site distance
distribution function in the local coordinate system. The
attribute dynamic means that the site positions are
taken at different times.

The exact expression for the S(q, t) function (obtained
without the assumption that the center of mass diffuses
independently) can similarly be represented as

JIPr. )

R(s,, U (11)

sm(qr)

S(a. = (12)

P(x,t)=
Of." ds, [, ds,0(x —

Equation 12 for t = 0 is known as the Debye formula.?®

The distributions P¢(r, t), PRA(R, t), and P(r, t) are
available directly from the BD simulations (provided the
overall time interval is not very large). For P(r, t),
however, we will use an analytical expression. If we

[r(sy, 0) — r(sy, )L (13)
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assume that the center of mass moves as a usual
Brownian particle with the diffusion coefficient D, then

_ Aar® ( r? )
P.(r, t) = (4nDt)3’2CXp 2Dt (14)
and eq 8 gives
@iQ(rc(O)—rc(t))D: e—qut (15)

Combining egs 3, 7, 10, and 15, we get
e—qutQ(q= t)
Q(a, 0)

The following empirical model function is often used for
g(l)(q, t):21-23

9@, v = (16)

g®(q, t) = e ¥Pet(1 — a 4 ae 9P (17)

where Dy, Din, and a are fitted parameters depending
on g but not on t. Although Dy, is simply the transla-
tional diffusion coefficient, Dy = D, the interpretation
of Dj, and a is more difficult. These parameters are
called the internal diffusion coefficient and the (relative)
amplitude of internal motion, respectively. The inde-
pendence of Dj, from t is an approximation, which may
be good or bad, whereas a is time-independent. The
comparison of egs 16 and 17 for t — o shows that

1_ a=Q@ @) _ F(G OF*g, «)0_
Q. 0) Q(a, 0)
[(F(q, 0)IF*(q, 0)O
oq.0 ¥
where [FF(q, 0)(can be found as
F(a. O)D_ﬁ) PR(l)(R) Sm(qR) drR (19)

P00 = O dso(x — |R(s, 0)))0 (20)
The function PR®(R) represents the average distribution
of sites around the center of mass. Note that the
functions PrR®(R) and Pr@(R,0), required for calculation
of a, can be obtained simply from MC simulations, which
contain no information about the dynamics.

An alternative way to find a is the evaluation of Q(q,
o) from eq 10 using the function PR@(R,»), which can
be expressed through PrR®(R) as follows:

Pr(R) =
) 0 1
J dRPLARY) [ dR,PLY(R,)Y, [ d(cos 6)O(R —
JR.Z+ R,2 — 2R;R, cos ) =

(1) 1)
R o Pr7(R1)  r+R, Pr(Ry)
Ej(‘) 1 Rl IR—Ry| dRZ R2 (21)

In deriving eq 21 we use the fact that |R; — Rz|?2 = Ry?
+ R22 — 2R;1R; cos 6, where R; = R(sy, 0), R, = R(sz, 0),
R, = |R1|, R, = |R2|, cos 0 = R1R2/R1R2, and the three
random variables, R;, Ry, and cos 0, are mutually
independent.

Expanding the sine in eq 10 in a Taylor series, we
get
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(-1
Q@ y=1-Tor 24 Z(Zmﬂ)l ROY (22

where Rg is the mean-square radius of gyration and
R0 = [ PLPRHR™dR =
1 1
Of; ds, [ ds,|R(s,,0) —

is the (2m)th moment of the distribution PrR@(R,t) (as
can easily be shown, the second moment [R?(t)3 does
not depend on the time and is equal to 2R¢g?). A set of
the moments [R?™(t)d for m < M, where M is some not
very large integer, can be found directly from BD
simulations.

As follows from egs 10, 19 and 20, the function Q(q,
t) for t — o after the Taylor expansion of the sine can
be expressed as

Q(g, ©) =

R(s,,1)[*"0(23)

[(F(q, O)IEF*(q, )=
0 ( 1)mq2m ) 2
R™),| (24)
Zo(2m + 1)!

where the moments
00 l
R*" = [PLYR*™dR = Of " ds|R(s, 0)[*"0  (25)

are available from MC simulations.
Comparing egs 22 and 24, we get

R*M(e0) =
m (2m + 1)!

[Rmezn [Rzn 26
&v(2m — 2n + 1)i(2n + 1)! HRTL (20)

For small g, it follows from egs 16 and 22 that

g‘1>(q,t)=e“*z'°t[1 ‘g—‘;(m“(O)@—ER“(t)@) 27)

As one can see from eq 27, at small scattering vectors,
the amplitude of internal motions is proportional to g*:

4
= RO ~ R*)) (28)

As a summary of this introductory section, we note that
there are several possible ways to obtain the function
g®(q, t) from the BD simulations. The first one is to
get the distribution P(r, t) (eq 13) for a set of times t; (j
=1, 2, ..., Ny) and then calculate g)(q, t;) for arbitrary
g according to eqs 3 and 12. This is, in principle, an
exact method for the BD model, but it does not provide
opportunities for further analysis. The other possibility
is to get the distributions PrR@(R,t)) (eq 11) and, in
addition, to calculate the diffusion coefficient D of the
center of mass. Then we can find g(q, t;) using egs 10
and 16. In the both cases, we have to approximate the
distribution functions P.(r, tj) and PrO(R,t;) with a
histogram. If we are not interested in very large q
values, we can avoid this kind of approximation: instead
of the distribution Pr@(R,tj), a set of its first several
even moments [R2™(t)3 suffices (see eq 22).

For computing the amplitude of internal motions, a,
no dynamic data are required and all of the necessary
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information can be extracted from the relatively less
time-consuming MC simulations.

Methods

BD Model. Our BD algorithm is described in detail
elsewhere.'* Here, we present the principal points. The DNA
molecule is modeled by a chain of N beads connected through
straight elastic segments. To each segment, a local reference
frame is attached with the z axis pointing along the segment.
We use harmonic potentials with respect to (i) the angles
between consecutive segments, (ii) the twist angles between
consecutive reference frames, and (iii) the deviations from the
equilibrium segment length. The volume interactions between
segments are given by the Debye—Huckel potential. In one
BD step, the jth bead is displaced by the vector

1 N
Ar,=——N D, F At + Y, (29)
j kBTk: ILlLS ]

where kg is the Boltzmann constant, T is the absolute
temperature, At is the time interval, F;j is the force acting on
the jth bead (F; = — d8U/drj, with U being the total energy),
Dj« is the Rotne-Prager 3 x 3 diffusion tensor depending on
the positions of the jth and the kth beads, and Yj is a Gaussian
random displacement with the covariance [Y; ® Y [O= 2DjAt
(the symbol ® denotes the tensor product). Each local reference
frame is then rotated about an axis perpendicular to both the
old and the new positions of the corresponding segment until
the z-axis is oriented properly. After that, the local reference
frame is rotated about the z-axis by the angle

Ag

)
P TAL O (30)

where T; is the torque acting on the jth segment (T; = —aU/
d¢pj), Dy is the rotational diffusion coefficient, and ®; is a
Gaussian random angular displacement with the variance [@;?(]
= 2DAt. Finally, second-order corrections are made for the
displacements Ar; and Agj.

MC Model. The geometry and the energy of the MC model
are the same as those for the BD model with the following
two exceptions. First, the segment length is fixed, and second,
there is an additional topological potential, which is equal to
oo if the given chain conformation is knotted and vanishes
otherwise. In most principal points, our MC algorithm coin-
cides with that described by Vologodskii et al.?* Two types of
MC steps are used. (1) In the pivoting step, a subchain
bounded by two randomly chosen beads is rotated about its
end-to-end vector by the angle 3 uniformly distributed in an
interval (—fo, fo). The o value is chosen in such a way that
the acceptance rate of trial steps is ~%,. A trial step is accepted
with the probability?®

Poiy = Min|1 exp(——EneW _ EO'd)
piv ’ KoT

where Eqq and Enew are the old and the new energy values. To
achieve better efficiency, the pivoting step is performed only
for subchains satisfying the following condition: either the
subchain contour length is less than 100 nm (two persistence
lengths) or the end-to-end distance of the subchain is less than
60 nm (~5 superhelix diameters?%). (2) In the so-called repta-
tional step, a randomly chosen subchain of five segments is
exchanged with a randomly chosen subchain of four segments.
By this procedure, each subchain is deformed to assume the
former end-to-end distance of its counterpart. The orientation
of the center of mass with respect to the end-to-end axis for
the both subchains is also reciprocally inherited. Subchains
of five segments with an initial end-to-end distance exceeding
four segment lengths are excluded from the possible choice.
The deformation of the subchains is performed as a series of
small moves. In one such move, each subchain segment s; is

(31)




1462 Klenin et al.

rotated about the vector s; x X by a small angle proportional
to |sj x X|, where X is the subchain end-to-end vector. The
trial step is accepted with the probability

Nog P4(X5)P5(X4)Axp( Enew - Eold)
NnewP 4(X4)Ps(Xs) KgT

Prept = min| 1, (32)

where nyq is the total number of the subchains of five segments
included in the possible choice, nnew is the same quantity for
the new conformation, X4 and Xs are the initial end-to-end
vectors of the subchains of four and five segments, and P4(X)
and Ps(X) are the distribution functions for the end-to-end
vector of a linear free-joint chain consisting of four and five
segments, respectively. In eq 32, the factor neg/Nnew COMpen-
sates the inequality of the a priori probabilities of the direct
and reverse trial steps.?> The factor P4(Xs)Ps(X4)/P4(X4)Ps(Xs)
is due to the entropy changes by adjusting the end-to-end
distance of the subchains. The necessity of such an entropy
factor can be illustrated by a simple example. Let us apply a
Metropolis MC procedure to a free particle traveling on the
surface of a sphere. If a random, symmetrically distributed
displacement of the spherical angles (¢, 6) is taken as a trial
step, then an incorrect result will follow, namely, that all the
possible 6 values are equally probable. In reality, the distribu-
tion function of 0 is Py(0) = (/2)sin 6. The correct distribution
can be obtained, however, if we add to the energy of the system
the entropy term —kgT In Py(6). In general, a change in the
entropy must be taken into account whenever the states of
the free system (i.e., the system with the energy U = 0) are
distributed nonuniformly along the generalized coordinate over
which the trial step is performed.

Equation 32 is valid under the following two conditions.
First, the total number of segments in the chain is large
enough, so that the distribution functions P4(X) and Ps(X) for
linear free-joint chains are applicable. Second, the procedure
of readjustment of the end-to-end distances |X| is “ideal”; i.e.,
among the entire set of generalized coordinates defining a
subchain conformation, only the |X| coordinate is changed and
all of the others are kept constant. It is very difficult to prove
analytically that these two conditions are satisfied with
sufficient accuracy. Instead of this, the described algorithm
was tested numerically. We have simulated a short un-
branched supercoiled plasmid with and without the reptational
steps. The results for the mean values of the radius of gyration
and the writhe were indistinguishable within statistical error
(~0.1%).

Although the acceptance rate for the reptational step is very
low (~1%), it is crucial for efficiency of the MC simulations of
a branched supercoiled DNA. The fraction of this type of step
in our calculations was ~/3.

Scheme and Parameters of Simulations. The following
parameters were used for modeling. The molecule length was
1780 nm, corresponding to SV40 DNA (5243 bp). The hydro-
dynamic and the electrostatic radii of DNA were both equal
to 1.2 nm.?”2 The linking number difference was ALk = —25
(superhelical density o = —0.05),'¢ the persistence length L,
= 50 nm, the torsional rigidity C = 3.0 x 107 erg cm, the
NaCl concentration I = 0.1 M, and the temperature T =
293.15 K. The elastic stretch modulus was assumed to be Ssim
= 63 pN, whereas the experimental value is Sex, = 1000 pN.2°
We did not expect any essential dependence of the dynamic
structure factor on Ssim and took the “softened” potential to
reduce the computational time. The equilibrium segment
length was lp = 20 nm, and the time step At = 4 ns. The above
parameters correspond to a bead radius r, = 3.59 nm. We have
checked for a shorter DNA (~900 nm) that the dependence of
the dynamic structure factor on the parameters Ssim, lo, and
At in the neighborhood of the chosen values is practically
negligible.

It should be noted that the parameters used here to describe
the physical properties of DNA are known with different
accuracy. The most uncertain quantity is the torsional rigidity
C, for which the values in the range (2.0—3.0) x 107 erg cm
are usually reported. We have chosen the highest plausible
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Figure 1. Diffusion coefficient of the center of mass as a

function of the time t. The dashed line corresponds to the value
Dyigl= (3.40 + 0.01) x 1078 cm?/s calculated by eq 35.

value for a pure technical reason: the computational efforts
in this case are slightly lower. Although the assumed set of
parameters might not be optimal in terms of agreement
between computation and experiment, finding an optimal set
would require a very large amount of CPU time and is,
therefore, beyond the scope of the present study.

The scheme of the simulations was as follows. First, we used
the MC method to get 400 “independent” starting conforma-
tions. Each conformation was obtained from the previous one
in 2 x 10° MC steps. For successive conformations, the
numbers of branches were correlated with a coefficient less
than 1/e.%° From each starting conformation, a BD trajectory
of 36 100 steps was initiated. We began to collect data only
after the first 100 BD steps, letting the segment lengths relax.
For constructing the histograms for the distributions P(r, t),
PrA(R,t), and Pr®(R), we substituted the integration in eqs
11, 13, and 20 by the summation over “scattering” points (20
scattering points per segment). In the direct calculation of the
moments [R?™(t) and R?™[, the scattering points coincided
with the beads. The m value was in the range 1-30. The
diffusion coefficient of the center of mass was obtained as

D(t) = 1Ir,(0) — r (D (33)

Overall, our simulations took ~2 months CPU time on an IBM
SP2.

Results and Discussion

All our results correspond to supercoiled SV40 DNA
in aqueous solution at a NaCl concentration of 0.1 M.
The diffusion coefficient of the center of mass D as a
function of the time is presented in Figure 1. At the
initial time instant, t = 0, the value of D was obtained
in the following way. When t is very small, we can
neglect in eq 29 the term proportional to At in compari-
son with the random displacement, which scales, on the
average, as (t)2. From eqgs 29 and 33, we have then

1 N 1 N
D(0) = Iim—zD YY = — Z triD; 0 (34)
A-06AL N° jk=1 3N‘ik=1

where tr denotes the trace of a tensor. For the Rotne-
Prager tensor Djk, eq 34 reduces to the Kirkwood
formula.3!

Much more interesting for us is the limit t — c. A
quite good approximation for D() is®?

N
D(e0) ~ D, 0= Dilgtr Z D, 170 (35)
j,k=1

where the inverse diffusion tensor Dyt is defined by
Si_; Dik 'Dkm = Ojml, | being the unit 3 x 3 tensor.
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Figure 2. Dynamic site-to-site distance distribution function
in the local coordinate system Pr@(R,t) for various time
intervals t.
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Figure 3. Square of the normalized dynamic structure factor
[g®(q, t)]? vs time t for various scattering vectors q: experi-
ment (O) and simulations (®). The extrapolation curves were
calculated according to egs 16, 22, 38, and 39 with the
parameters from Table 1. The experimental data were normal-
ized with an arbitrary constant.

Equation 35 represents the diffusion coefficient of a
completely rigid chain, Drig, averaged over chain con-
formations. In Figure 1, the Dyg0value is shown with
the dashed line: it is seen that D(t) approaches [DyigQ
for t — o. For t = 20 us, D(t) and Dyjgare practically
indistinguishable because of the large statistical errors.
In future calculations, we use the approximation D(t)
= [DyjgIfor all values of t.

The evolution of the distribution function PrRA(R,t) is
illustrated in Figure 2. For t = oo, it was calculated from
Pr(R) according to eq 21.

In Figure 3, our data are compared with the results
of earlier DLS measurements. The experimental meth-
ods are described elsewhere.1® The comparison between
simulations and experiment is based on eq 4. The
experimentally observed function [g@(q, t) — 1], properly
scaled, should be equal to the simulated function
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Figure 4. Exponent y from eq 36 vs time t for various
scattering vectors q. The interpolation curves are the best fits
for the model function of eq 37. The parameters are b = 0.155,
c=1.06 x 103s7*(g?>=0.218 x 10'* cm~?); b =0.339, c = 3.28
x 10%s71 (g? = 0.619 x 10* cm~2); and b = 0.410, ¢ = 5.61 x
10% s71 (g% = 1.004 x 10t cm™?);

[9®(g, t)]2. Both quantities are plotted in Figure 3
against the time t for various g. The function [g¥)(q, t)]?
was calculated using eqs 16 and 22 with the time-
independent diffusion coefficient of the center of mass
D = gl In the series of eq 22, the maximal value of
m required for the evaluation of Q(q, t) does not exceed
18, provided that g belongs to the range available in
the experiment (g2 < 1.1 x 10 cm™2).

Now we can answer the question whether there is any
essential correlation between translational and internal
motions. The values of the function [g®)(q, t)]? presented
in Figure 3 were obtained using the assumption that
these two types of motion are mutually independent.
These values differ from the exact ones, calculated
without such an assumption (egs 3, 12), by no more than
1% (data not shown). Thus, the translational and
internal motions are practically uncorrelated, and eq 7
holds with good accuracy.

The next problem to be solved is to find an interpola-
tion/extrapolation procedure allowing the computation
of g(q, t) for arbitrary t. The empirical expression for
g®(q, t) (eq 17) can be rewritten in a more general form:

gP(qg, t) =e ¥PY1L —a+ae?) (36)

where y depends on both q and t. The plot of v against
t for different g2 is shown in Figure 4. These data do
not confirm the assumption that y = ¢?Dint. Instead of
this, the relation between y and t can be remarkably
well modeled by a parabola t = By + Cy?, where B and
C are some constants. Resolving this expression with
respect to y, we get

y=—b+vb®+ct (37)
with the new constants b and ¢ depending only on g but
not on t. This relation solves, in principle, the problem
of interpolation/extrapolation, because the parameters
b and c can easily be fitted for any given value of g. We
chose, however, another method that makes it possible
to obtain a set of parameters independent of both t and
g, although the number of required parameters is rather
large. The starting point is eq 22. Here, the moment
[R2M(t)[3 can be expressed as

R*M(1) =
R*™(e0)] + [[R?™(0)J — [R*™(e0)J]le "™ (38)

where [R?™(c0)[3 is available from eq 26 and ynm is a
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Figure 5. Exponent ys from eq 38 vs time t. The interpolation
curve was calculated according to eq 39 with the parameters
from Table 1.

Table 1. Complete Set of the Parameters Required for
the Calculation of the Normalized Dynamic Structure
Factor gt(q, t)2

m  [R2MO)F/(2REY™  [R2M(w)H/(2RZ)™ bm Cm, S71
2 2.3289 1.7715 0.28024 2239
3 8.7505 45972 0.24654 1890
4 45176 x 10! 1.5823 x 10! 0.23958 1883
5  2.9098 x 102 6.7874 x 10! 0.25331 2078
6  2.1993 x 103 3.4755 x 102 0.27633 2445
7 1.8744 x 10* 2.0586 x 10° 0.30564 2997
8  1.7535 x 10° 1.3765 x 10% 0.34196 3756
9  1.7667 x 108 1.0194 x 105 0.38403 4733
10 1.8904 x 107 8.2337 x 10° 0.42928 5916
11 2.1257 x 108 7.1624 x 108 0.47547 7258
12 2.4916 x 10° 6.6432 x 107 0.51978 8672
13 3.0252 x 1010 6.5162 x 108 0.55935 10046
14 3.7854 x 10% 6.7146 x 10° 0.59218 11256

7.2296 x 1010
8.0974 x 101*

15 4.8617 x 102
16 6.3877 x 103
17 8.5620 x 10 9.4001 x 10%? 0.63592 12972
18 1.1680 x 106 1.1276 x 10 0.63085 12806

a According to eqs 16, 22, 38, and 39 for g2 < 1.1 x 10t cm=2
D = 3.40 x 1078 cm?/s, and 2Rg? = 17 741 nm?2.

0.61623 12192
0.63084 12779

function of t. We assume that this function has a form
similar to eq 37:

ym=—b, + b 2+c,t (39)

where by, and ¢, are constants. Unfortunately, the plot
of ym against t can neither confirm nor refute this
assumption because of the large statistical errors (an
example of such a plot for m = 5 is shown in Figure 5.)
The complete set of the parameters by, and ¢, (m < 27)
was fitted simultaneously to match the function Q(q, t)
at the available time points and for a large number of
g values (g2 < 2.5 x 101 cm~2). All of the parameters
(calculated and fitted) that are necessary for restoring
the dynamic structure factor for arbitrary t and for g in
the range of the experiment are presented in Table 1.
Given these data, the function g®)(q, t) can be calculated
according to egs 16, 22, 38, and 39. The examples are
shown in Figure 3.

The extrapolation curves were subjected to our tra-
ditional analysis for the treatment of experimental
data: a two-exponential fit (eq 17) was applied, and the
three parameters, a, Dy, and Dj,, were determined as
functions of g. The results are presented in Figures 6
and 7 together with the corresponding experimental
values. By fitting the data, we took into account that in
the real experiment a small amount of dust, inevitably
present in the sample, also contributes to the dynamic
structure factor. Because the dust particles are rela-
tively large and slow, this contribution does not change
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Figure 6. Amplitude of internal motions a as a fitted
parameter from eq 40 vs square of the scattering vector g2
experiment (O) and simulations (—). The true simulated values

of a calculated according to eq 18 are shown with the dashed
line.
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Figure 7. Translational Dy (O) and internal Di, (O) diffusion
coefficients as fitted parameters from eq 40 vs square of the
scattering vector g% experiment (O, O) and simulations (—).
The true value of Dy, used for the construction of the simulated
dynamic structure factor (eq 35), is shown with the dashed
line.

much in the time interval of interest and, hence, can
be approximated with a time-independent constant. The
model function for g@(q, t) has, therefore, the form

0@ 1)~ 1=
[Cust + Cona€ TP(L — a + ae P2 (40)

with the two additional parameters aqust and apna. The
data points at large t, where the contribution from dust
prevails, were excluded from the fitting.

For the simulated data, the quantities a and Dy,
obtained as fitted parameters from eq 40, deviate
considerably from their “true” values as given by eqs
18 and 35. The latter are shown in Figures 6 and 7 with
the dashed lines. The discrepancy is because the inter-
nal diffusion coefficient Dj, is assumed to be time-
independent, whereas in reality, this is not the case.
Thus, the traditional treatment of experimental data
does not allow the proper separation of the contributions
from the translational and internal motions to the
dynamic structure factor. Unfortunately, we cannot
propose a better fitting procedure. For example, if we
substitute the exponent —g2Djnt in eq 40 by the more
realistic time function b — (b2 + ct)'2 (eq 37), we would
have six adjustable parameters. It is too many to
provide a reliable estimation of each of them (given the
available accuracy of the DLS measurements). Of
course, the parameter Dy, can be fixed, but it does not
help much.
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Figure 8. Experimental data, in the form of the left side of
eq 41, as functions of the time t for various scattering vectors
g. The best fit curves correspond to the following parameters:
a = 0.063, b = 0.340, ¢ = 3.50 x 10% s7! (9> = 0.218 x 10
cm™2); a=0.358, b = 0.772, ¢ = 7.81 x 10°s7! (g?> = 0.619 x
10 cm™?); and a = 0.624, b = 0.781,¢ = 10.33 x 103s™ ! (> =
1.004 x 10 cm~2). The a values were fixed and taken from
the MC simulations (dashed line in Figure 6).

This situation changes, however, if we take the a
value from the MC simulations. It should be noted that
the amplitude of internal motions a can be calculated
with significantly higher accuracy than the exponent y
(eq 36), the reason being not only that the MC method
is less time-consuming than the BD technique but also
that the assumptions and approximations required for
modeling dynamic behavior are not involved.

Now, we assume that the parameters a and Dy are
known and fixed. The translational diffusion coefficient
Dy is available from both DLS measurements and MC
simulations. This fact can be used as a test for the MC
model. In our case, Dy = 3.40 x 1078 cm?/s, and a as a
function of g? is presented in Figure 6 with the dashed
line. Equation 40, after the substitution —g2Dj,t — b —
(b2 — ct)¥2, can be rewritten in the following way:

equtrt /g(z)(q, t) 1=

Oy P+ apa(l — @ + ae® ) (41)

Here, we have four adjustable parameters: aqust, CpNA,
b, and c. The experimental data, represented in the form
of the left side of eq 41, are plotted in Figure 8 as
functions of the time t for various g. These functions
have a characteristic minimum at a time instant tmin
where the contribution from the dust becomes ap-
proximately equal to that of the DNA. The experimental
points corresponding to t > tnin do not contain much
useful information and should therefore be excluded
from the fitting. In Figure 8, the best-fit curves are
shown only for the intervals that were used for their
determination.

The information about the DNA dynamics is con-
tained in the exponent y = —b + (b? + ct)¥2, which can
easily be expressed through the experimentally deter-
mined function g®@(q, t) by means of eq 41 after fitting
of the adjustable parameters. (The values of a and Dy,
are taken from the MC simulations.) The exponent y
as a function of the time t for various q is presented in
Figure 9. The parabolic curves in the form of eq 37
match the experimental points remarkably well, as was
the case for the simulated data (cf. Figure 4). Now this
kind of functional dependence can be traced up to the
essentially higher values of the time t. The dashed lines
in Figure 9 reproduce the best fit to the simulated data
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Figure 9. Experimental data for the exponent y of the
internal motion factor vs time t for various scattering vectors
g. The parameters of the best fit curves (solid lines) are the
same as in Figure 8. The dashed lines reproduce the best fit
to the simulated data from Figure 4.

from Figure 4. For small q, the difference between the
experiment and the simulations is quite noticeable. One
should take into account, however, that the simulated
data for small g in this representation have considerable
statistical errors and the disagreement does not, in fact,
exceed two standard deviations. At the same time, the
experimental results at small scattering angles are very
sensitive to any possible contaminations of the sample,
e.g., by the open form of DNA.

An important problem in the analysis of the DLS data
is to obtain the distribution function p(q, 7) of relaxation
times 7 for the dynamic structure factor g®(q, t). The
function p(q, 7) is defined by the following relation:

9@ )= [ p(q, e dr (42)

If we are interested only in the internal motion, it is
natural to consider the distribution function pin(q, t) for
the internal motion factor, which can be defined by the
formula

Q(a. 1) . »
m:l—a%—qﬁ) pin(d, 7)€ Y7 4r (43)
The simple analytical form of the internal motion factor,
Q(qy t) b—(b2+ct)1/2
oo l—atae (44)
Q(a, 0)

makes it possible to restore the function pin(q, 7) using
the table of Laplace transformations:

Pin(d 7) = 1/2\/%exp(b -2- %) (45)

The quantity apin(q, 7) as a function of ¢ for various q is
presented in Figure 10. The distribution pin(q, 7) is very
broad. Its upper boundary lies in the range of mil-
liseconds, in agreement with estimations by Jian et al.1®
The presentation of our results would not be complete
without the static structure factor S(q, 0) = Q(q, 0) used
as a normalizing function in the calculation of g¥)(q, t).
The data shown in Figure 11 demonstrate good agree-
ment between the simulations and the experiment.

Conclusions

Using BD and MC techniques, we have calculated the
dynamic structure factor for the supercoiled SV40 DNA
in 0.1 M NacCl solution. Two modifications of the
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Figure 10. Distribution functions for relaxation times of
intramolecular motions pin(q, 7) weighted by the amplitudes
of internal motions a for various scattering vectors q. The
curves were obtained using eq 45 with the same parameters
as those in Figure 8.
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Figure 11. Static structure factor S(q, 0) = Q(q, 0) as a
function of the square of the scattering vector g2 experiment
(O) and simulations (—). The experimental data were normal-
ized with an arbitrary constant.

computational scheme have been tested: one of them
is exact in the frame of the BD model; the other implies
that the internal and translational motions of the
molecule are mutually independent. This assumption
has been justified a posteriori by the fact that the results
in the both cases were the same. The diffusion coef-
ficient of the center of mass is, in principle, time-
dependent, but from the practical point of view, it can
be regarded as a constant equal to the diffusion coef-
ficient of a rigid chain, averaged over chain conforma-
tions.

The limited computer capacity did not allow the direct
computation of the dynamic structure factor for arbi-
trary large times. For the times exceeding ~150 us, the
simulated data were available only as extrapolations.

The calculated dynamic structure factor has been
compared with the DLS measurements. For this com-
parison three types of data representation were used:
(2) the “raw” experimental output, (2) the results of the
two-exponential fit, and (3) the exponent of the internal
motion factor. In the first two cases, the agreement
between the theory and the experiment was good,
whereas the third representation demonstrated a con-
siderable difference between the two sets of data for
small scattering vectors.

A very important parameter in the theory of DLS is
the amplitude of internal motions a. Its reliable estima-
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tion from experimental data is a challenge, to which,
at present, we have no solution. However, if the a value
is available from MC simulations, then the distribution
function for relaxation times of intramolecular motions
can easily be extracted from DLS measurements. The
range of the relaxation times for the supercoiled SV40
DNA is very broad. It comprises approximately 2 orders
of magnitude, with the upper boundary exceeding 1 ms.
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